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ABSTRACT 

We exhibit, for any integer g _> 2, an infinite sequence A E B2[g] such 
that l imsupx_~ A(x) /v~  = ( y / ~ ) ~ .  Furthermore, we obtain 
better estimates for small values of g. For instance, we exhibit an infinite 
sequence A E B212] such that limsuPx_+~ A(x)/v/X = ~ .  

Introduct ion  

For g E N, denote  by B2[g] the  class of all sets A C N such tha t ,  for all n E N, 

the  equa t ion  a + a ~ = n, wi th  a, a I E A, a ~ a ~, has at  most  g solut ions.  The  sets 

B211] are  called S i d o n  s e t s .  

ErdSs proved in [6] tha t ,  if A is an infinite Sidon sequence,  then  

l i m i n f x - ~ A ( x ) / x  1/2 = 0, where A(x )  = # { a  ~_ x: a C A}  is the  count ing  

funct ion.  On the  o ther  hand,  he showed tha t  there  exists  an infinite Sidon 

sequence such t ha t  l i m s u p x _ ~  A ( x ) / x  1/2 = 1/2. This  l imit  was improved  to 

he 1/vf2  by  Kruekeberg  [5]. Much less is known on infinite B2[g] sequences for 

g > 1. I t  is conjec tured  t ha t  l i m i n f x _ , ~  A ( x ) / x  1/2 = 0 for any  infinite B2[g] 

sequence, bu t  this  is unproved  even for g = 2. 
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As for limsup, Kolountzakis [4] proved there is an infinite B~[2] sequence A 

such that limsupx_~o ¢ A ( x ) / x  I/2 = 1. Xing De Jia dealt in [3] with such limits. 

Although his method does not work for usual B2[g] sequences, he gets upper 

bounds for sequences such that, for a fixed module m, the number of solutions 

a ,a '  E Afo r  the equat ionn = a + a '  (modm),  a < a ' , i s a t  mos tg ,  for each 

integer n. 
By proceeding in a different way, we have improved the former lower bounds 

on infinite B2[g] sequences for g > 2: 

THEOREM 1: For all g > 2 there exists an inl~nite B2[g] sequence A such that 

limsupx_~o o A(x)  / x/-:i = Lg where 

Lg = 

x / r ~ ,  g = 2, 

3/2, g = 3, 

3 V ~  1 , 9 = 4, 

g = 5 ,  

~ ,  g = 6, 

~Q~, g = 7, 

vfs, g = 8 ,  

V~gV~- 1 , g_>9. 

P r o o f  o f  T h e o r e m  1 

In order to prove the theorem, we only need to show that any B2[g] sequence 

A o = { n l  < n 2 < . . . < n k }  

can be extended to a B2[g] sequence 

A = {nl < " .  < nk < nk+l < "'" < nl}, 

where 1/xff~ = d ( n t ) / x / ~  >_ Lg + 0(1). 

For the construction of A we need two special sets Cg and Bp; their properties 

are stated in the following two propositions, whose proofs we postpone to the 

end of the section. 

PROPOSITION 1: For any prime p, there exists a set BB C (pl/2,p2 _ pl/2) such 

that 
(i) ifb + b' - b" + b'" modp 2 - 1 for b, b', b", b'" C Bp, then {b, b'} = {b", bin}, 

(ii) Ib - b' I > pl/2 for all different b, b' E Bp, 
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(iii) IBpl > p - 4pU2. 

PROPOSITION 2: For g >_ 2, there exists an integer ug and a set  Cg C [0, ug] such 

t h a t r ( n ) - - # { n = c + c ' ;  c,c'  E C a } .  Then 

(i) r(n)  < g for all integer n, 

(ii) r(c) < g - l a n d r ( c - 1 ) _ < g - l f o r a l l c • C g ,  

(iii) ICgl/V/-~g + 1 = Lg, where L 9 is de[ined as in Theorem 1. 

THE CONSTRUCTION OF A. For x -- nk, a prime p such tha t  x 2 < p < 2x 2, 

and m = p2 _ 1 we define A = Ao U D where 

D =  U (Bp + cm + 2x); 
ccCg 

the sets Bp and Cg are defined as in Proposi t ions 1 and 2. 

Obviously, the sequence A is an extension of A0. Thus,  we are supposed to 

prove tha t  A is a B2[g] sequence satisfying IAI/v/-~ = Lg + o(1), where nt is the 

biggest element of A. 

PROPOSITION 3: The sequence A is a B2[g] sequence. 

Proo~ If  n _< 2x, then all the representations of n as a sum of two elements of 

A are of the form a + a '  with a,a'  • Ao. Since A0 is a B2[g] sequence, there are 

at most  g representations. 

If  n > 2x, there is at  most  one representat ion of the form a + d with a • A0, 

d • D. Otherwise, i f n  = a + d  = a ' + d ' ,  then x > l a - a ' }  = I d - d '  I = 

Ib - b' + (ci - c i , )m I > pl/2 > x. We have used in this inequality the proper ty  

(ii) of Proposi t ion 1 whenever ci = ci, and the condition Bp C (pl/2,p2 _ pl/2) 

whenever ci ~ ci,. We consider two cases: 

(1) n • Ao + D. Suppose there are more than g representations 

n = a + d  = dl +d~ . . . . .  dg +dg ,  

n = a + ( b +  cm + 2x) 

: (b 1 -~-cjlm-~-2x ) --~ (b~ + c j ~ m + 2 x )  . . . . .  (bg + c j m + 2 x )  + (b'g + c j , g m + 2 x ) .  

We can assume tha t  di and d~ are such tha t  bi < b~ and, because of the proper ty  

(i) of Proposi t ion 1, we obtain  bi = bj and b~ = b} for all i , j .  Therefore, 

a + b - bl  - - 2 x  + = ( c l  + c' )m . . . . .  + 

We remark tha t  a + b -  bl - b~ - 2x < x + (p2 _ pl/2)  _ pl/2 _ pl/2 _ 2x < 

p2 _ 3pU2 < m and a + b - bl - b~l - 2x > l + p U2 - (p2 _ pU2) _ (p2 _ pU2) - 2x = 
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- 2 m + 3 p  1/2- 2 x -  1 > - 2 m ,  where, in the last inequality, we have used x < pl/2. 
As a consequence, a + b - bl - b~ - 2x is either 0 or - m .  If  we divide all t e rms  in 

the above inequali ty by m,  we obta in  g representat ions  of c or c - 1 as sums of 

elements  of Cg. But  this is impossible,  because of p roper ty  (ii) of Proposi t ion  2. 

(2) n ¢ A0 + D.  Then  all the representat ions  are of the form d + d ~ with 

d,d' C D. If  we order the sets {di,d~} as before, we obta in  bi = bj and b~ = b~ 

for all i, j .  I f  there were more  than  g representat ions,  there would be more  than  

g different representa t ions  of an integer of the form ci + c~ with ci, c} E Cg, which 

is impossible because of p roper ty  (i) of Proposi t ion 2. | 

PROPOSITION 4: For the biggest element nz of A, we have 

IAI = L 9 + o ( 1 ) .  

Proof." The  cardinal i ty of the sequence A is 

IAI = IA0l + I G I I B ,  I _> IGIml/2( 1 + o(1)), 

and A C [1, (ug + 1)m + o(m)]. 

As a consequence, 

tAI ICglml/2(1 + o(1)) 

vr~ x/m(ug + 1) + o(m) 
= L ~ + o ( 1 ) ,  

in view of p roper ty  (iii) of Proposi t ion 2. | 

Proof of Proposition 1: Chowla and Erd6s [2] proved tha t ,  for every pr ime p, 

there exists a Sidon sequence B C [1,p "2 - 1] with p te rms  such tha t ,  if b + b ~ = 

b" + b ' "  m o d p  2 - 1, then {b,b'} = {b",b '"}.  

The  set Bp, for which we are looking, will be the set B minus the subset  of 

elements  lying in the union of intervals [1,p 1/2] U [/)2 _ pl/2p2 _ 1] and minus 

those b, b ~ such tha t  Ib - b' I < pl/~. 
Since all differences b - b ~ are distinct,  the eardinal i ty of B \ Bp is a t  most  

4p 1/2. | 

Proof of Proposition 2: I t  was proved in [1] tha t  the  set 

A g = { k :  < k < g - 1 } U { g - l + 2 k : l < k < [ g / 2 ] }  

satisfies r(n) < g, for any integer n. 
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We take Cg = A g-1 and thus r(n) _< g - 1, for any integer n. In par t icular ,  

the set Cg satisfies conditions (i) and (ii) of Proposi t ion 2. I t  is easy to check 

tha t  (iii) is also satisfied. 

For g < 8, let 

C 2 = { 1 , 2 , 5 } ,  C 3 = { 0 , 1 , 3 } ,  C 4 = { 0 , 1 , 2 , 4 , 7 , 1 0 } ,  

C5 = { 0 , 1 , 2 , 3 , 5 , 7 } ,  Cs = { 0 , 1 , 2 , 3 , 4 , 6 , 8 , 1 1 , 1 3 , 1 6 } ,  

6'7 = { 0 , 1 , 2 , 3 , 4 , 5 , 7 , 9 , 1 1 } ,  C8 = {0,1,2,3,4,5,6,8,10,12,15,17}. 

I t  is easy to  check tha t  these sets satisfy the condit ions of Proposi t ion  2. II 
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