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ABSTRACT

We exhibit, for any integer g > 2, an infinite sequence A € B:[g] such
that limsup,_, ., A(z)/vZ = (1/9/8)v/g —1. Furthermore, we obtain

better estimates for small values of g. For instance, we exhibit an infinite
sequence A € B»[2] such that limsup,_, ., A{x)/vz = /3/2.

Introduction

For g € N, denote by Bs[g] the class of all sets A C N such that, for all n € N,
the equation a +a’' = n, with a,a’ € A, a < a’, has at most g solutions. The sets
B,[1] are called Sidon sets.

Erdés proved in [6] that, if A is an infinite Sidon sequence, then
liminf, oo A(x)/z'/? = 0, where A(z) = #{a < z: a € A} is the counting
function. On the other hand, he showed that there exists an infinite Sidon
sequence such that limsup,_,, A(z)/x'/?> = 1/2. This limit was improved to
be 1/v/2 by Kruckeberg [5]. Much less is known on infinite Bs[g] sequences for
g > 1. It is conjectured that liminf,_,o A(z)/2'/? = 0 for any infinite By[g]
sequence, but this is unproved even for g = 2.
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As for limsup, Kolountzakis [4] proved there is an infinite B;[2] sequence A
such that limsup,_, ., A(z)/z'/? = 1. Xing De Jia dealt in [3] with such limits.
Although his method does not work for usual Bs[g] sequences, he gets upper
bounds for sequences such that, for a fixed module m, the number of solutions
a,a’ € A for the equation n = a +da' (mod m}, a < d', is at most g, for each
integer n.

By proceeding in a different way, we have improved the former lower bounds
on infinite Bo[g] sequences for g > 2:

THEOREM 1: For all g > 2 there exists an infinite B,[g] sequence A such that
limsup,_,., A(z)//x = L, where

4

3/2, g=2,

3/2, g=3’

V%a 9249

. \/§ 9=75,
9= 9

7 9=6,

%s g=7a

V8, 9=38,

. % g_lv 929

Proof of Theorem 1

In order to prove the theorem, we only need to show that any Ba[g] sequence
A0={n1 < ng < ---<nk}
can be extended to a Bs[g] sequence

A={n; < <np <ngy1 <--- <M},

where I/ /iy = A(ng)//ma > Ly + o(1).

For the construction of A we need two special sets C, and By; their properties
are stated in the following two propositions, whose proofs we postpone to the
end of the section.

PROPOSITION 1: For any prime p, there exists a set B, C (p'/?,p?* — p*/?) such
that
(i) ifb+ b = b" + 5" modp? — 1 for b,b/,b",b" € By, then {b,b'} = {b",b"},
(i) |6 — ¥'| > p'/? for all different b,b' € By,



Vol. 126, 2001 INFINITE B;[g] SEQUENCES 265
(iii) |Bp| > p — 4p'/>.

PROPOSITION 2: For g > 2, there exists an integer uy and a set Cy C {0, ug] such
that r(n) = #{n=c+¢'; ¢ € Cy}. Then

(i) r(n) < g for all integer n,

(i) r(c)<g—landr(c—1)<g—1forallc€Cy,

(iii) |Cyl/\/ug + 1 = Ly, where Ly is defined as in Theorem 1.

THE CONSTRUCTION OF A. For z = ng, a prime p such that 2% < p < 222,
and m = p? — 1 we define A = Ay U D where

D= |J (B +cm +22);
ceCy,
the sets By, and C, are defined as in Propositions 1 and 2.
Obviously, the sequence A is an extension of 4p. Thus, we are supposed to
prove that A is a Bs[g] sequence satisfying |4|/\/ni = Ly + o(1), where n; is the
biggest element of A.

PROPOSITION 3: The sequence A is a Bylg] sequence.

Proof: If n < 2z, then all the representations of n as a sum of two elements of
A are of the form a + o' with a,a’ € Ap. Since Aq is a Bs[g] sequence, there are
at most g representations.

If n > 2z, there is at most one representation of the form a + d with a € Ay,
d € D. Otherwise, if n = a+d =d +d,thenz > la—-d'| =|d-d| =
|b—b" + (c; — cy)m| > p'/?2 > . We have used in this inequality the property
(ii) of Proposition 1 whenever ¢; = ¢y and the condition B, C (p*/2,p? — p'/?)
whenever ¢; # c¢;. We consider two cases:

(1) n € Ap + D. Suppose there are more than g representations

n=a+d=d +dy =---=d, +d,
n=a+ (b+cm+2z)
= (b +cj,m+2z) + (b +cjym+2z) = -+ = (by +¢j,m+2z) + (b, +¢jym +27).

We can assume that d; and d are such that b; < b} and, because of the property
(i) of Proposition 1, we obtain b; = b; and b; = b} for all 7, j. Therefore,

a+b—b —b —2z+em=(c+e)m=--=(cg+c;)m.

We remark that a + b— b, — b}, — 2z < =+ (p? — p'/?) — pt/2 = pl/2 — 2z <
p?=3p'2 <manda+b—by —b, -2z > 14p'/2— (p*> —p'/?) = (p?* —p/?) -2z =
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—2m+3pt/2—2z—1 > —2m, where, in the last inequality, we have used z < p'/2.
As a consequence, a+ b — by — b] — 2z is either 0 or —m. If we divide all terms in
the above inequality by m, we obtain g representations of ¢ or ¢ — 1 as sums of
elements of C,. But this is impossible, because of property (ii) of Proposition 2.

(2) n ¢ Ao + D. Then all the representations are of the form d + d’' with
d,d' € D. If we order the sets {d;,d;} as before, we obtain b; = b; and b; = b}
for all ¢, j. If there were more than g representations, there would be more than
g different representations of an integer of the form ¢; + ¢} with ¢;, ¢ € Cy, which
is impossible because of property (i) of Proposition 2. n

PROPOSITION 4: For the biggest element n; of A, we have

14l _
ﬁ = Lg + 0(1)

Proof: The cardinality of the sequence A is
|A] = [Ao| + [CylIBy| = |Cym'/2(1 + 0(1)),

and A C (1, (ug + I)m + o(m)].
As a consequence,
4l _ 1CgIm!'2(1 + o(1))

Vi mla s e oW

in view of property (iii) of Proposition 2. |

Proof of Proposition 1: Chowla and Erd6s [2] proved that, for every prime p,
there exists a Sidon sequence B C [1,p? —~ 1] with p terms such that, if b+ b =
b" + " modp?® — 1, then {b,b'} = {b",b"}.

The set B, for which we are looking, will be the set B minus the subset of
elements lying in the union of intervals [1,p/?] U [p* — p'/2,p? — 1] and minus
those b, b’ such that |b — b'| < p'/2.

Since all differences b — b’ are distinct, the cardinality of B\ B, is at most
4p'/2, |

Proof of Proposition 2: It was proved in [1] that the set
At ={k: <k<g-1}U{g—1+2k: 1<k <[g/2]}

satisfies r(n) < g, for any integer n.
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We take Cy = A9~! and thus r(n) < g — 1, for any integer n. In particular,
the set C, satisfies conditions (i) and (ii) of Proposition 2. It is easy to check
that (iii) is also satisfied.

For g <8, let

Cy ={1,2,6}, C3=1{0,1,3}, Cy4=1{0,1,2,4,7,10},
05 = {07 1;273)577}3 CG = {01 152a3a436383 115 137 16}3
Cr ={0,1,2,3,4,5,7,9,11}, Cs = {0,1,2,3,4,5,6,8,10,12,15,17}.

It is easy to check that these sets satisfy the conditions of Proposition 2. |
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